Planar spirals offer a highly scalable geometry appropriate for wireless power trasfer via strongly coupled inductive resonators. We numerically derive a set of geometric scale and material independent coupling terms, and analyze a simple model to identify design considerations for a variety of different materials. We use our model to fabricate integrated planar resonators of handheld sizes, and optimize them to achieve high Q factors, comparable to much larger systems, and strong coupling over significant distances with approximately constant efficiency.
Introduction
Wireless power transfer via resonant magnetic coupling has attracted considerable attention in recent years. This is due both to its elegance and to its possible applicability at many different size scales, from powering spaceships and cars [1, 2] , and down to handheld scale devices [3] and microdevice coupling [4] . Such coupling depends strongly on two predominantly geometric properties: The devices involved must be high quality resonators, and they must have far-reaching magnetic fields [5, 6] . Thus, the geometric design of the resonators is of utmost importance. Moreover, the geometry of a device is inherently size independent, and this means that if a design exists that can be built at different size scales, using different materials, then the same considerations will apply to all variations. The planar spiral is such a design, being both simple and quasi two-dimensional. Thus, for example, planar spiral designs can easily be etched on a thin substrate and incorporated into current handheld devices.
In this Letter, we analyze a planar spiral model and numerically computed coupling terms in order to identify optimal design considerations for different materials at a desired size scale. For example, we show how high T C superconductors can be designed so as to achieve very strong coupling. We use our method to optimize the design of a device similar in size to currently used handheld devices, using inexpensive materials, by identifying the properties of the dominant dielectric loss channel for the size/materials involved and using capacitative loading to compensate. We achieve very high Q factors that are typical of much larger devices and strong coupling over significant ranges. We then show that the coupling between the devices is robust, being almost constant over the entire coupling range.
Theoretical Model
Coupling between two high-Q resonators is adequately described by Coupled-Mode Theory [5, 7] . A source and destination device can be represented by complex-valued variables a 1 , a 2 normalized so that a 2 n is the energy in a resonator, obeying the relation:
where Γ m = (1 + k m ) γ m is the loaded dissipation factor of the device, k m is a coupling coefficient to some load or measuring device and γ m = ω0 2Qm is the unloaded dissipation factor. κ represents the coupling between the two devices and F is a forcing term for the source a 1 . Solving eqs. 1-2 yields frequency splitting: |a 2 | 2 is maximized and the devices transfer energy efficiently when
The regime where this splitting takes place is called the strong coupling regime. For identical resonators (k 1 = k 2 = k c , γ 1 = γ 2 = γ) this splitting is possible when:
Thus a Figure of Merit for such a system is the quantity κ/γ = Qk where k is a dimensionless coupling term. In this we assume k c ≤ 1 so as to maintain the strong coupling, or equivalently, keep the loaded quality factor of the devices high. For magnetically coupled systems k = M/L, M, L being the mutual and self inductances of the devices respectively. The efficiency in this regime for identical resonators at the split frequencies is constant and obeys: Figure 1 : Schematic of the experimental setup. A network analyzer (1) is connected via coaxial feedlines (2) to a pair of coplanar coupled spirals (the spiral geometry is detailed in Fig. 2 ). Each spiral is matched to the feedlines via a bonded chip capacitor (3). The S-parameters can be analyzed to obtain the Q factor, coupling and power transfer efficiency between devices. The figure also shows a numerical simulation of the magnetic coupling fields (4), computed using HFSS 11. (5) shows a simplified lumpedelement circuit that we have used in our theoretical model.
The upper limit of η ≤ 1/4 (for k c ≤ 1) appears because the devices are identical. Higher efficiency is obtained with proper loading [7, 6] . Such coupling can be achieved by using planar spiral resonators driven at quasi-static frequencies. It is well known that such resonators can be modeled as lumped RLC resonant circuits. For a description of the considerations involved in modeling spirals and related planar spirals, we refer the reader to Refs. [8, 9] . Fig. 1 shows the schematic of such a setup and a simple equivalent circuit for a spiral. Such a resonator is described by inner and outer diameters d i , d o , number of loops n and loop width w, and has a resonant frequency ω 0 . Additionally, an underpass strip usually connects the spiral inner and outer extremities, at a separation d u . Fig. 2 shows a sketch of a basic spiral. Effective L values can be found using current sheet approximations [10] . The capacitance can be written as C = C l + C p , where C l , C p are the inter-coil and coil-underpass capacitances, approximated with coplanar waveguide [11, 12] (with loops coupling in series) and parallel-plate [13] formulas. The coupling coefficient k = M/L can be extracted numerically. In this work we constructed a table of k (n, w, d) values (d being the coplanar distance between spirals) using the Fasthenry multipole expansion tool [14] (see fig. 3a ). These values are scale/material independent so that the same table predicts behaviour and design parameters for a wide variety 
where the first term represents ohmic losses: σ, δ s are the trace conductivity and skin depth, ξ is an empirical current-crowding factor [15] , and r i is an approximation to the spiral length as a sum of concentric circles with respective radii r i . The second term describes magnetic and electric dipole resistance. The resistances of the capacitative channels R p , R l are determined by the substrate loss tangent tan δ. The quality factor of the spiral is then:
Examining eq. 6 leads to a number of conclusions. First, the only scale-dependent factor influencing QM/L is the ohmic loss channel in R. In all other terms (radiation loss, inductance and capacitance) the scale dependencies cancel out. Next, tan δ is independent of both scale and geometry. Therefore when dielectric loss dominates one cannot optimize the design. However, adding a high quality capacitance C ext in parallel will both reduce the effective loss, i.e. tan δ → tan δ C C+Cext , and allow optimization reducing other losses to be significant. Specifically, reduction of loop number and wide traces are crucial, as they lead to a reduction of the term r i /w. Finally, if the ohmic losses can be reduced to the order of radiative losses, for example by using superconductors, then a single optimal design can be adapted to many different scales. Fig. 3 shows actual design scans confirming these conclusions.
Experimental Results and Discussion
Two devices were built to test the coupling efficiency and design optimization. Device dimensions were d o = 60 mm., n = 3, w = 4.4 mm. and d i /d o = 0.33 (considered optimal [4] ). Device #1 was fabricated on a 0.51 mm. thick Rogers 4350B substrate (tan δ = 0.0037). Device #2 was fabricated on 1.55 mm. thick FR4 (tan δ 0.0180). The devices were matched to an Agilent N5230A network ana- lyzer as in fig. 1 . High-Q RF chip capacitors (Q > 1000) were soldered in series for network matching and in parallel for design optimization. Fig. 4 shows the Q factor of devices as a function of loading, showing that for optimal loading a sharp peak is obtained, as predicted by eq. 6, with added capacitance affecting the tan δ, ω 0 , R terms. Q 300 for Device #1 at the maximum, which is comparable to Q factors of air cored designs an order of magnitude larger [17, 3, 7] . The theoretical area shown is for 3.5 ≤ ξ ≤ 4.6, so using ξ = 4 should give accurate results, and this is the number used in all theoretical simulations in this work.
Figs. 5,6 detail three coupling experiments whose parameters are given in Table 1 . Fig. 5 shows a sample of the frequency splitting as a function of distance, demonstrating that only at the split frequency is power transfer both efficient and appreciable. Fig. 6 compares the predicted 
and measured efficiency for the three measurements. For series #2, #3 eq. 4 gives a good prediction, with the slight disagreement explained by the assumption of identical resonators. For series #1 however the efficiency considerably outstrips the estimate. This is probably because with low Q a first order approximation no longer properly predicts the coupling between resonators. For series #2, #3 strong coupling is achieved for distances of the order ∼ 2d o .
To summarize, we have shown how a simple model of spiral inductor resonators can be used to design coupled systems for many different materials and size scales, by identifying crucial geometric considerations. We have shown that proper capacitative coupling using high-Q capacitors and increased trace width can greatly improve quality. We fabricated integrated devices of a similar size to current handheld devices and achieved very high Q factors and strong coupling over large distances.
